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Logika

Loqgické spojky (operdacie)

A | B TJA AAB/AVB A=BA<BA®B
p p n p p p p n
p n n n p n n p
n p p n p p n p
n n p n n p p n
Poradie (priorita) logickych_operacii
T>A>V>=2 >
Logické zakony

AANBAC)=(AAB)AC asociativnost’

AvBVvC)=(AvB)vC

AANB=BAA komutativnost’

AVB=BVA

AANBVC)=(AAB)V(AACQ) distributivnost’

AVBAC)=(AVB)A(AVO)

ANA=A idempotencia

AVA=A

AANBVA=A eliminacia

AV(BAA)=A

. (AVB)=1AA 1B
. (AAB)=1AV 1B
. 1(A=>B)=AA1B
LA TA=TA
LA A=A

E 1A < 1A)

. AANB=T(TAVB)
. AVB=T(TAATB)
. A=>B=T(AA1B)
. A=>B=TAVB

. AANB=T(A=>1B)
. AVB=TA=B

. A=>B=1TB=>1A
. TTIA=A

. A=>B=>C)=B=(A=0C)
. AANB=>C=A=>B=>0)
AVT=T

.AV1I=A

CANT=A

ANL=L

CAST=ET

A= 1L=TA

De Morganove zakony

negacia implikacie
rozpor v implikécii

AN—V

V—A

= - A

> -V

N— >

Vo=

kontrapozicia

dvojnasobné negacia

vymena predpony v implikacii
implikécia s konjunktivnou predponou



Axiomy predikatového kalkula (v Q)
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T=>A=A

1=>A=T

EA=SA

EA=>(B=A)
A=>B=>C)=A=>B)=>A=>0)
AVB=>C=A=>C)AB=0)
EA=>B)AB=>C)=(A=C0C)
F(A=>B)AA=>T1B)=>1A
FA= (TA=>B)

FAVIA

EI1AATA)
E(A=>B)>A)=>A

VXA=A

IxA=A

Vx Vy A(X, y) = Vy VX A(X, y)
Ix Iy A(x, y) =Jy IxA(X, y)

E VX A(X) = Ix A(x)

E Iy VxA(X,y) = Vx Iy A(X, y)
13x A(x) = Vx TA(x)

TVvx A(x) = Ix TA(x)

Ix A(x) = 1Vx TA(x)

Vx A(x) = 13x TA(x)

A A Vx B(x) = Vx (A A B(x))
AV Vx B(x) =Vx (AV B(x))

A AJx B(x) = 3x (A A B(x))

A Vv3x B(x)=3x (AV B(x))

A = Vx B(x) = Vx (A = B(x))

A =3x B(x) =3x (A = B(x))
VxBx)=>A=3x (B(x) = A)
IxBx)=>A=Vx(B(x)=A)

Vx A(x) A Vx B(x) = Vx (A(x) A B(x))
Ix A(x) V 3x B(x) = 3x (A(x) V B(x))

E 3x (A(x) A B(x)) =3x A(x) AJx B(x)
E Vx A(X) V Vx B(x) = Vx (A(x) V B(x))

ak AxB=>A=B
EVXi...xk A= AXr. . Xkl .. )
EAX..Xk |l tr...t) = 3X1.. XA
Vx A =Vy (A Il )

Ix A =3y (Ax Il'y))

EVx VyA= Vx (A(y Il X))

E3Ix (A(y Il x)) =>3Ix Iy A

totoznost’

rozsirenie o predponu
samodistributivnost’ implikacie
implikdcia s disjunktivnou predponou (analyza pripadu)
tranzitivnost’ (hypotetické sylogizmus)
reductio ad absurdum

1 v predpone impl. z rozporu = hocico
zakon vylucenia tretieho

zakon rozporu

Pierceov zakon

fiktivne kvantifikadtory Vx & Fv(A)

vymena pozicii rovnakych kvantifikatorov
vymena kvantifikatorov v implikécii

De Morganove kvantifikované zékony
I-V

vV —13

vynatie kvantifikatorov
x € Fv(A)

obojstranné vynatie kvantifikatorov

ekvivalencia kongruentnych formul
kvantifikétory pri substittcii

zmena kompetencie kvantifikatora

redukcia kvantifikatorov
X, y premenné rovnakého typu

A=B = AXi...xx ll ti...tk) =B(x1...xk |l t1...t)
Axiomy predikatového kalkula (v 2)

A=>B=A)

A=>B=>0C)=>((A=>B)=>A=0))

A= (B=>AAB)



Teoria mnozin
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12.
13.
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© o No oA

AANB=>A
AANB=B

A=>C)=>(B=>C)>(AvB=())

A=>AVB

B=>AVB
(A=>B)=(A=>1B)=>1A)
TA=> A

VxA=>AXIt)

Vx (C = A(X)) = (C = VX A(X)) x & Fv(C)
A I t)y=3IxA
Vx (Ax) = C) = (Ix A(x) = O) x & Fv(C)
Pravidla dedukcie
AA>B q A
B modus ponens Ve A
Strukturalne pravidla
I,AFA totoznost’
'-A .
roz§irenie
[LBFA
ILB,C,AF- A L
_— permutacia
IC,B,A+ A
[B,B,AF+A .
S —— redukcia
IB,AF A
'-A;A,A+B .
rezanie (cut-rule)
IA+B
dedukcia odstranenie
N IA+B 'A4;T+HA=1B
'rA=>B I'-B
A '-AT+B IA,B+-C
'-AAB LAABFEC
v '-A/T+B IA-CT,B+C
'-AVB IMAVBFEC
. IA+B,T,A+B '-T14
'-1A '-A
v ' A(y) & F(T FVxA
vy ap) Y EFVMD T VA(x | £)
'-A [ A FC
3 ﬂ ») y € Fv(C,T)
-3xA IayAy)rC
- IA+-B,I,BFA A= B, (T+A/T+B)
r'-AeB I'FB/THA
Tedria mnoZin
Operdacie s mnoZinami
rovnost’ A=B:=(Va:a€eA=>a€eB)A(VYb:bEB=>DbEA)
prienik ANB:={VajlaeAANa€EB}
zjednotenie AUB:={ValaeAVva€EB}



podmnozina

vlastnd podmnozina

rozdiel

symetricka diferencia

doplnkova mnozina (komplement)
prazdna mnozina

univerzalna mnozina (zakladnd)
disjunktné mnoziny

Kartezidnsky sucin

mohutnost’ (kardinalita)

poten¢nd mnozina

Vlastnosti
A=BS (ACB)A(BCA)
[Pa)| =24
ANA=AUA=A
ANB=BNA
(ANB)NC=AN(BNC)
ANBUC)=(ANB)UANC)
AN(AUB)=A
ANO=0
ANU=A
(ANB)SAC(AUB)
(ACB)& (ANB=A)
(ASB)=((ANC)<S(BNC))
(ASB)A(ACC))=(AC(BNC)

(A\B) C A
A\A=0Q

AAB=BAA
A\V(BNC)=(A\B) U (A\C)
(ANB)\C=(A\C)N (B\C)
A\(B\C)=(A\B)U (AN C)
ANBAC)=(ANB)AANC)
(ACB) < (A\B=0)

ANCA=0

Ce®=E

CeCA=A
Ce(ANB)=C:sA U (eB
(AC B) & (CB C CeA)

(ANB)xC=(AxC)N B xC)
AxBNC)=(AxB)N(AxC)
(AxB)N(CxD)=(ANC)x(BND)

ACB:={VajaeA>a€B}
AcBo (ASB)A(A#B)
A\B:={VajaeAANag&B} AB¢A

AAB=AQOB:=(AUB)\(ANB)=(A\B) U (B\A)

CaB:={VajlaeANag€B} ABCcA
Va:ag¢ O, VA: A0 =>0CA
VA:AcU

ANB=0
AxB:={(a,b)aeAADbEB}

card (AU B)=|A U B|=|A| +|B|-|]AN B|

IN|=|Z| = |Q| = Ro
IR|=¢=2%
P(A) = {HHS A}

AUB=BUA
(AUB)UC=AUBUC)
AUBNC)=(AUB)N(AUC)
AUANB)=A

AUD=A

AUU=U

(ACB)o (AUB=B)
(ASB)=(AUC)S (BUC)
(ACC)ABCC)=(AUB)CC)

A\(A\B)=ANB

A\(BUC)=(A\B) N (A\C)
(AUB)\C=(A\C)U (B\C)
(A\B)\C=A\(B U ()

(ANB=0)o (A\B=A)
AUCA=E
CeE=0

Ce(AUB)=CsAN CeB

(AUB)xC=(AxC)U B xC)
AxBUC)=(AxB)U (AxC)
(AxB)U(CxD)S(AUC)x(BUD)



Relacie

(AxB=0) o (A=0 VB =0)

dvojclenna (binarna) relacia
sucéin relacit
inverzna relacia

(ASCABCD)= ((AxB)C (C xD))

Relacie

R:=RCXxY
RoS:={(x;y)3z:z€AN(X;2) ERA(z;y) €S}
R = {(x; y)| (y; X) ER}

reflexivna Va: (a; a) € R alebo Va: aRa

ireflexivna Va: (a; a) € R alebo Va: 1(aRa)

tranzitivna Va;b;c:((a;b)ERA(b;c) ER)=(a;c) ER
symetricka Va;b: (a;b) ER = (b;a) ER

antisymetricka Va;b: ((a;b) ER A (b;a) ER)= (a=Db)
asymetricka Va;b: (a;b) ER = (b;a) € R

linearna Va;b: (a;b) ERV (b;a) ER

kontext Va;b:(a;b)ERV (b;a)ERV (a=Db)

zhoda s tretim Va;b;c:((a;c) ERA(b;c) ER)=>(a;b) ER
trichotomia Va;b: ((a;b)ERV (b;a) ERV (a=Db)) A

AT(((a; b) ER A (b;a) ER) A((a;b) ERA(a=D)) A
A((b;a) ER A (a=D))
Relacia ekvivalencie reflexivna, symetricka, tranzitivna
Relacia usporiadania

Relacia dobrého usporiadania

reflexivna, antisymetricka, tranzitivna, linedrna
usporiadanie + existuje najmensi prvok

Ciselné mnoZiny

Prirodzené Cisla N

1. 1eN

2. Ak n€ N, potom n+1€N

3. An €N, prektoré¢ n+1=1

4. NechM € N, pre ktoru plati ] € M;az n € M vyplyva n+ 1 € M. Potom M =N

Va; b;c €N

Y

komutativny atb=b+a
asociativny (a+b)tc=a+(b+c)
X

komutativny a.b=b.a

asociativny (a.b).c=a.(b.c)
(multiplikativny) neutralny prvok dl:a.l=a

(B:®)

distributivnost’ @ vzhl'adom na @ (a+b).c=ac+b.c

card (N) = |N| = RXp

Va; b;c€Z
SY) K; A

(aditivny) neutralny prvok 30:a+0=a



Raciondlne c¢isla Q

aditivny inverzny prvok (opacné ¢islo) d-a:a+(—a)=0

® K; A; N.P.
(@Q@) D
Racionalne ¢isla Q
Va; b;c €Q
S% K; A; N.P.; L.P.
® K; A; N.P.
multiplikativny inverzny prvok (prevratena hodnota)
3 l: a.l =1
a a
(©:®) D
rozsirenie % _ %» Ve#0
stcet, rozdiel @4 & _ addcb
b—d bd
y o« ‘0
suéin Bt o=t
ac_ac
b'd bd
i a_ b_cb
podiel ci=cl=d
ac_j_ad_ad
b'd % b be

desatinné ¢islo s nekone¢nym desatinnym rozvojom s peri(')dou
r.104
10d-1

r= Z = L kdedj je dizka periody

’

Iracionalne ¢isla Q

Ludolfovo ¢&islo

Eulerovo ¢islo (Napierova konstanta)
Eulerova-Mascheroniova konStanta

Pytagorova konStanta

Theodorova konStanta

pomer zlatého rezu
Embreeova-Trefethenova konsStanta
Feigenbaumova konStanta
Feigenbaumova konStanta

konStanta prvociselnych dvojic
Brunova konStanta prvociselnych dvojic
Brunova konStanta prvociselnych Stvoric
Meisselova-Mertensova konStanta
Erdosova-Borweinova konStanta

Redlne Cisla R

Va; b;c;d €R

= 3,141 592 653 589 793 238 46
STEPIUETPOS”™ (perimetros, Cize obvod)
22 _ 355

7 T113
e =2,718 281 828 459 045 235 36

vy = 0,577 215 664 901 532 860 60

Y:=%1_r)£10<zk lnn) J———dx

V2 = 1,414 213 562 373 095 048 80
V3 = 1,732 050 807 568 877 293 52
¢ = 1,618 033 988 749 894 848 20
B* = 0,702 58

& = 4,669 201 609 102 990 671 85
o = 2,502 907 875 095 892 822 28
Ca = 0,660 161 815 846 869 573 92
B, = 1,902 160 582 3

B, = 0,870 588 380 0

M = 0,261 497 212 847 642 783 75
Es = 1,606 695 152 415 291 763



Ciselné mnoziny

V. ab=0=>a=0vb=0
a=b=>at+tc=b+c
Ve#0:a=b=>ac=b.c
a=bANc=d=>a+c=b+d

V. ab>0=>@>0Ab>0)V(a<0Ab<O)
ab<0=>@>0Ab<0)V(@<0Ab>0)
a>b=>a+c>b+c
Ve>0:a>b=>ac>b.c
Ve<0:a>b=>ac<b.c
a>bANc>d=>a+c>b+d
A>0Na20=>d*>>0

Komplexné éisla C

P2 =-1 i=v-1
ajai;a; bbb ER

z=a+b.i algebricky (aritmeticky) tvar
Re(z)=R (z)=a redlna Cast’

Im(z)=J (z)=b.i imaginarna Cast’

Z=a-—b.i komplexne zdruzené Cislo
z+z=2a €R zZz=a’+b*> €R
z1=a1+bi.i zz=ax+ba.i

z1+z2=(ar +az) + (b1 + ba).i

z1.z2 = (ar.a2 — bi.by) + (a1.bz + br.az).i
ﬁ _ aq.a,+bq.by bi.ay—aq.by .

Z aZ+b? a?+b?
lzZl =Va? + b?% = \/ﬁ absolttna hodnota
cos ¢ = ﬁ sin g = ﬁ argument ¢
z =z|.(cos ¢ +i.sin @) goniometricky tvar
z1.22 = |z1|.|z2].(cos (@1 + @2) + i.sin (@1 + ¢2))

= |z|".(cos n.¢ + i.sin n.p) Moivrov vzorec
Z _ |21|

(cos (g1 — @2) + i.sin (p1 — @2))

n—_ ©+k360° . . @+k.360°

\/_ Vlz (cos—n +i.sin=— )
k=0;1;2;...;n-1

komplexna jednotka

Z2

k360° . . °
e = V1= cos +i.sin
z=|z.e" exponencialny tvar
2" = |z|".eine

a4l aier-92)

z; |zl

8k=%=ei'k-3rfoo k=0;1;2;...;n-1
Delitelnost

k,neN

k/n ©3q:qeNAn=kq Cislo k je delitel'om cisla n

fac [n] = {k: k/ nAne N} mnozina delitel'ov ¢isla n



Delitelnost

(a, b) = max {fac[a] N fac[b]}

fac™! [n] = {k: nh AnE N}

[a, b] = min {fac™[a] N fac™1[b]}
(a, b).[a,b]=a.b

(a,b)=1

fac [p] = {1; p}
— X1 Ay A3
n=p; "D, D3

— 1 Q2 (A3
a=py Dy P3 e

max{m,n}

@bh= ]

i=1

Im
I o
Am
Pm  a
pl_min{ai,ﬁi}

B2, B3

b=pi'py%p3°. ..

d(n)= (a1 + 1)(az + 1).....(am + 1)
o(n)={k € N|(n,k) = 1 Ak < n}

o= > ¥/

k=1

Euklidov algoritmus

najvacsi spolocny delitel’
mnozina nasobkov ¢isla n

najmensi spolo¢ny nasobok

nesudelitelné Cisla
prvocislo p mé presne dva pozitivne delitele

prvociselny rozklad cisla n, p1, po, ...

. .pﬁ”, potom

max{m,n}

[a.b)= [ ] protes

i=1
pocet delitel'ov Cisla n

, pm — s prvocisla

Eulerova funkcia ¢ — pocet nesudelite'nych ¢isel po n

sucet vlastnych delitelov Cislan: 6(4)=1+2+4=7

rovna sa suctu svojich vlastnych mensich delitelov

Euklides: ak 2% — 1 je prvogislo, potom 7 je dokonalé

(a, b) =rnn
a= b.go+ 1o
= roqi+ hn
fo= rn.qe+ n
r= n.qQst+ I3
M= rorguzt+ O
(12 600, 58 212) =252
58212= 12600.4+ 7812
12600= 7812.1+ 4788
7812= 4788.1+ 3024
4788= 3024.1+ 1764
3024= 1764.1+ 1260
1764= 1260.1+ 504
1260 = 5042+ 252
504 = 2522 + 0
Dokonalé ¢islo
n=omn)—n= @
n=2k102F_1)
k 2 3 7 13 17
n 6 28 496 | 8128 | 33550336 | 8589869 056
n< %n) abundantné Cislo: {12; 18; 20; 24; 30; ... }
n> %n) redundantné Cislo: {1;2;3;4;5;7; ... }
n=pi.p2.p3 sfenické ¢islo: {30; 42; 66; 70; ... }
F,=2@"+1

Fermatove cislo: {3; 5; 17; 257, ... }



Ciselné mnoziny

36
666 = DCLXVI = Z i
i=1
12 — tucet; 13 — Certov tucet; 60 — kopa
Kongruencia
a=b(modm)e o IkE€Z a=km+b
a=b(modm)Ac=d(modm)=a+c=b+d(modm)
a=b (mod m) A c =d (mod m) = a.c = b.d (mod m)

Rimske Cislice

I I I v A% VI VII VIII IX X
1 2 3 4 5 6 7 8 9 10
XI XII L C D M (€)) D @
11 12 50 100 500 1000 | 1000 | 5000 | 10000
Arabské Cislice
. \ Y Y ¢ o 1 Y A Q
0 1 2 3 4 5 6 7 9
Ciselné suistavy
pozi¢né < nepozicné Ciselné suistavy
z(z>1,z€N) zaklad Ciselnej stistavy — pocet Cislic

0;1;...;(z—-1)
a=pnPn-1--PorP-1P-2 - P-m

n+1 ¢islic pred

n
a= Z pi.zi

1=—m

Cislice

m Cislic za

z=10 0;1;2;...;9
10° 10? 10! 10° 10! 102 10
tisicky stovky | desiatky | jednotky | desatiny | stotiny | tisiciny
Dvojkova_(binarna) sustava
z=2 0; 1
28 24 23 22 2! 20
tridsatdvojky | Sestnastky osmi¢ky | Stvorky | dvojky | jednotky

a=(1101001),=1.26+1.25+ 024+ 1.23+0.22+ 02! + 1.2°=64 + 32 + 8 + 1 = 105

metoda delenia zékladom
a=(rnFn-1/n2... F110)z
a= ZQot Tro
Qo= zqit+ n
Q= zq+ I

Qn-1= z0+ In




Aproximdcia Cisel

10

175 =

175 =

¢islo/podiel
175

87

43

21

10

= N Ol

(10101111),

¢islo/podiel
175
58
19
6
2
(20111)3

: zaklad  podiel
2= 87
2= 43
2= 21
2= 10
2= 5
2= 2
2= 1
2= 0

: zaklad podiel

3= 58
3= 19
3= 6
3= 2
3= 0

metoda nasobenia zakladom

a= (qn Gn-1¢gn-2 ... 41 qO)z
a<z™'Aa>z"

a= gn.2"+ Iy
M=  qu1.2%'+ TIna1
mi=  gn2.2"2+ In2
r= q0.2° + 0

¢islo/rozdiel
175

47

47

15

15

7

3

1

Cislo/rozdiel
175

13

13

4

1

mocnina podiel
128 1

64

32

16

8

4
2
1

mocnina podiel
81

27

PRPRPRPONS RPRPREPRPRORO

9
3
1

)
=~

v

P OPRPOPRPFRPPS

zvysok

[EEN

N O F -
—

zvysSok
175-1.128 = 47
47-0.64 = 47
47-1.32 =15
15-0.16 = 15
15-18=7
7-14=3
3-12=1
1-1.1=0

zvysSok
175-2.81 =13
13-0.27 =13
13-19=4
4-13=1
1-1.1=0

Aproximacia disel

!

presnd hodnota

strednd aproximacia Cisla
chyba aproximacie
absolutna chyba aproximacie
odhad absolutnej chyby



Algebra

la—al

- relativna chyba aproximacie

da = %a odhad relativnej chyby
Aa+b)<Aa+ Ab A(a . b)<Aa+ Ab
Aa :b)<Aa+ Ab A@") <n.a" '.Aa

Af(x) = |f'(x)]-Ax
Algebra

Virazy
(a+b)?=a*+2ab+ b (a—b)? =a*—2ab + b?
(a+ by’ =a®+3a*h + 3ab* + b* (a—b)=a’-3a°b + 3ab® - b*
(a + b)* = a* + 4a’b + 6a°b* + 4ab® + b* (a—b)*=a*—4a’b + 6a°b* — 4ab’ + b*

(a+b)’ =a’ + 5a*b + 10a°b* + 10a°b* + 5ab* + b°
(a—b) =a’—5a*b + 10a°b* — 10a°b> + 5ab* — b°

2_b*=(a+b)a-Db)

3_b3=(a—-b)a*+ab+ b a’+b*=(a+b)a*—ab+ b?)

4 b*=(a-b)a+a*b+ab?+ b*) = (a+ b)a—b)a®+ b
@’ —b>=(a—b)a*+a’*b+a*h*+ab>+b*) &+ =(a+b)a*—a’b+a*b*—ab’ + b*)
a"—b'=(a-b)a" ' +a" tb+a" b+ ... +arbh" P tab" P+ )
A+ =@+b)a" ' —a"Ph+a" b — ... +a’bh" P —ab" 2+ b" 1), ak n je neparne

(a+b+c)=a*+b*+c?+2ab+2ac + 2bc
(a+b+c)=a’+b+c+3ab? +3ac® + 3bc* + 3a*b + 3a*c + 3b*c + 6abc
(a+b+c+dP=a*+b*+c*+d*+2ab+2ac+2ad+ 2bc + 2bd + 2cd

Newonova binomicka veta

=(Qar+ (Da b+ (G)a" 22+ (F)a" b+ £ (am kb + = ([ )ab  F )

Pascalov trojuholnik

(a+ b)° 1

(a+b)! 1 1

(a + by 1 2 1

(a+b) 1 3 3 1

(a + b)* 1 4 6 4 1

(a + by 1 5 10 10 5 1

(a+ b)° 1 6 15 20 15 6 1
(a+b) 1 7 21 35 35 21 7 1
(a+b)® 1 8 28 56 70 56 28 8 1
(a+b)° 1 9 36 8 126 126 8 36 9

(a+b)!"° 1 10 45 120 210 252 210 120 45 10

n_ n ki k2 ky _
(aitaxtas+..+ta)' = ek K at.ayta) =
1,12, )y R
Ky +kototky=n

11



Mocniny

12

")

k1+k2+"'+kr=n
Mocniny
a“:=a.a....a
~————
n ¢initel'ov
ao =
1
an = aT"
(a.b)"=a".b"
at.agt=g"tm
(an)m = ghm
ad=a o x=y
Odmocniny
Va=boe b =a
Va.b="a. Vb
Yak = (%)k
n [a — n.c [akc
Logaritmus

logab=xea"'=b=>a=13b
loga x.y = loga x + loga y

loga x" =n.loga x

alogllx:x
loga1=0
logpx
loga x =
ga logpa

log x = 1g x =logio x
In x = loge x

Rovnice

Linearna rovnica

ax’+bx+c=0
D=b"—4.ac

D>0

D=0

D<0
-b+VbZ—4ac _ -b+VD

2a 2a

X12=

at.a akr
1 72 r

pre n>0

pre n <0

(a)n_an

b bn

@ _pem

am

log% =logax —logay

logax
log,V/x = 222

n

log.a*=x
logaa=1
loga = logya

dekadicky alebo Briggsov logaritmus
prirodzeny alebo Napierov logaritmus

a;beERANa#0

a;b;ceRANa#0
diskriminant
dva realne korene
jeden dvojnasobny redlny koren
nema realne korene — dva komplexné korene



Algebra

ax’+bx+c=a.(x—x1).(Xx—x2)

.\ b
Vietove formuly: x1+x2=— =

rozlozenie na sucin linearnych Cinitel'ov

c 1 1 b
X1.X2 == —+—=—-
a X1 X2 c

ax’*+bx*+ex+d=0
CHrxi+sx+t=0

D>0

D=0

D<0
Cardanove vzorce

a,;b;c;deERANa#0
delené s a

substituciou prejde na tvar (X =y — g)

3s—12 2r3  rs 2r3—-9rs427t
— : q R — + t e
3 27 3 27
__3ac-b? _ 2p3 bc d _ 2b3-9abc+27a%d
3az °’ q 27a3  3a%?  a 27a3

jeden realny a dva komplexné korene
tri realne — z toho jeden dvojnasobny korefi
tri realne korene

= A @ 5D @) @)

yi=u+tvy
ut+v | u-v . —1+i+3
y2=—T+T.1. 3=¢crutenv kde g;2=
u+v  u-v . ]
B3=-——0 -t V3=enu+ey naspit’ dosadime
Xi = Vi T
i=Yi 3
.\ b d 1,01, 1 c
Vietove formuly: x1+x2+x3=—=; X1.X2. X3 = — —; — 4 =—=_=
a a X1 X2 X3 d

P'X) = anX"+ an 1.X" '+ an 2x" 2+ +tarx+ap=0
ap(x —x)f (x —x)* . (x — x)"=0 ki+ka+...+km=n

n
Y= — An-1
Vietove formuly: Y a,
—

l

Rydzokvadraticka
x*+c=0

Neuplna kvadraticka
x> +bx=0

Cista tretieho stupiia
xX*+d=0

Neuplna tretieho stupina

X +ex=0

n n n

an—2 an-3 Qo
; E Xi. Xj = ; E XiXj. X = — . xi=(D"—
P an . < an . an
i,j=1 L,j,k=1 i=1
i<j i<j<k

xi2=*+—c,akc<0
x1=0;x=-b
w-¥=d

x1=0;x23=*+vV—c,akc<0

Binomicka rovnica 2n-tého stupna (parna mocnina)

x"—a=0

2
xi2=%"a,aka>0

Binomicka rovnica (2n + 1)-ého stupia (neparna mocnina)

X _g=0

X1 = 2n+%

13



Sustavy rovnic

1. a*>0 Va€eR
+
2. al.az S% V(ll; a € Rg
+az+az+-+
’\’/al.az.a3.....an§a1 =2 ?13 n Yai; a;...; an € R
3. %S ’\’/al. a,.as....a, Yai; az;...; an € R*
@ta e e
ai+az+az+-+a a?+ai+ai+-+a?
4, 122 ”SJl 23 L Yai; az;...; an € R"
n n
5. (a1.b1 + a2.by +.. + an.bn)? < (a? + a3 + -+ + a?2). (b? + b2 + --- + b?)
n 2 n n
Z a;.b; | = 2 a? Z b? Cauchy-Bunakovskij-Schwarz
i=1 i=1 i=1
6. a<|q
la +b| <la| + |b| lai +ax+az+...+ an| < |ai1| + |az| + |as| +...+ |an|
lal—=Ibll<|a—>b|<|al+]b|
7. (1+a)">1+na Va € R:a>—-1 Bernoulli

14

Ststavy rovnic

arx+bry=ci

awXx+tby=c
_ szl—b1C2 _ aq1C—axCq

aiby—azby aib,—asbq

arx+bry+cirz=d
wX+tby+cz=d

X+ by +tacz=d;
__baczdqi+bicadzt+bzcidy—bycidz—bzcdi—byiczd;y
B a,bycz3+azbicy+azbsci—azb,ci—abscy—azbqc3
__aqczdatazcyditazcidz—aszcidy;—agcadz—ascady
B aibyc3+azbicy+azbsci—azbyci—abscy—azbqc3
__aibpds+asbidy+azbzdi—asbadi—agbsdy;—azbids
B aibycz3+aszbicy+azbzci—azbyci—abzcy—azbic3

Priemer
1 n
_ + +aa+-+ . . , .
Xp= W =-) . aritmeticky priemer

Xo= ’i/al. ay.A3....Qp = geometricky priemer

_— n
YT T T T

+eee
ai; az as an E

harmonicky priemer

P _\/a%+a§+a§+---+arzl_

0= kvadraticky priemer
n

Xy < %o < ¥ < X

Zndame nerovnice




Elementdrne funkcie

Elementarne funkcie

Algebrické funkcie

KonsStantna funkcia

fiy=c
D;=R
N.B. Y (0; ¢)

Linearna funkcia
fiy=ax+b
D;=R
pre a>0 m.]

b

N.B. X(— 2, 0)
EXT. nema

Kvadraticka funkcia

fiy=ax*+bx+c

f:y=a.(x+b')2+c'=a.(x +%)2 +
VG )

D/=R

prea>0
x € (;—Z; 00) m. T
B, (2T o)
2a
Y(0; ¢)
pre a>0 vbode xo= % ma minimum

-b_, .
pre a<0 vbode xo= -, Ma maximum

Funkcia absolutna hodnota

fiy=alx+bl+c
V(-b; c)

D;=R

x € (—oo; —b)m. !
prea>0
x € (—b;0) m.1T

N.B. Xl('bZ‘c; 0)

Y(0; a.lb| + ¢)
pre a>0 v bode xo =-b mad minimum

pre a <0 v bode xo = -b ma maximum

4ac—-b?

ceR
Hy = {c}

a;beRAa#0
H/=R
pre a<0 m.]
Y (0; b)

a;b;ceRANa#0

{<M;00) aka>0

4a
Hy=
_n2
(—00;4“ b > aka<0
4a
-b
x € (_OO;Z) m. T
prea<0

-b
x € (Z;OO) m. !
X2<—b+\/b2—4ac;0>

2a

a;b;ceERNa#0

(c;oo)aka>0
Hf:{

(—oo;c)aka <0

x € (—oo; —b)m. T
prea<0{
x € (—b;0) m. !
—ba+c
}(2( a '0)

15



Algebrické funkcie

fy=rmte= o a;b;c ERAa#0
Df=R\ {-b} Hf =R\ {c}
pre a>0 x € (—o0; —b) U (—b; ) m.| pre a<0 x € (—oo; —b) U (—b; 0) m.1
a+bc a+bc
NB. X(-2%;0) MBS
EXT. nema
Racionalna lomena funkcia
m m-1,..
(D i wr rrae . viia; b€ R
Mocninova funkcia
fry=x" ne€Zz
kladny parny n>0An=2k ke
D/=R H; =R{ = (0; o)
X € (—o0; 0) m.| X € (0; ©) m.t
N.B. XY (0; 0) S.B. (=1; 1); (0; 0); (15 1)
v bode xo=0 globalne minimum parna funkcia: x" = (—x)"
kladny neparny n>0An=2k+1 ke
D;=R Hf=R
x € Df m.p
N.B. XY (0; 0) S.B. (=1;-1); (0; 0); (15 1)
EXT. nema neparna funkcia: (—x)" = —x"
zaporny parny n<0An=2k ke
Dy=R\ {0} Hy=R"=(0; o)
X € (—o0; 0) m.1 X € (0; 0) m.|
N.B. nema S.B. (15 1); (1; 1)
EXT. nema parna funkcia: x" = (—x)"
zaporny neparny n<0An=2k+1 ke
Ds=R\ {0} Hy=R\ {0}
X € (—o0; 0) U (0; 0) m.]
N.B. nema S.B. (-1;-1); (1; 1)
EXT. nema neparna funkcia: (—x)" = —x"
Iracionalna funkcia (odmocninava)
fry=+x"=+Vx I":%/\I’IEN
parny n=2k keN
Dy = R§ = (0; 0) Hy = R§ = (0; )
X €Dy m.} N.B. XY (0; 0)
S.B. (0;0); (1; 1) EXT. nema
neparny n=2k+1 keN
Di=R H/=R
x € Dy m.1 N.B. XY (0; 0)

S.B. (=1;-1); (0; 0); (1; 1) EXT. nema



Elementdrne funkcie

Transcendentné funkcie

Exponencialna
Di=R
pre 0<a<l1 m.]
N.B. Y(0; 1)
EXT. nema
. 1\"
e = Jim (1+7)
Logaritmicka
Dy =R"=(0; o)
pre 0<a<Il m.]
N.B. X(1;0)
EXT. nema
stupfiova miera
1°=60'
oblukova miera (radian)
stotinnd miera (grad — gén)
18 =100
dielec (delostrelecky)

prevod

o7 _ x[rad] °
o [7] = 222180

al]

fiy=a*
Hy=R"=(0; )
pre a>1 m.}
S.B. (0; 1)

at= ex.ln a

fry=log.,x
H/=R
pre a>1 m.]
S.B. (1; 0)

pravy uhol = 90° (360°)
1'=60"

pravy uhol = grad (2w rad)
pravy uhol = 1008 (4008)
1°¢=10me = 100*

a € R\ {1}

a € R\ {1}

pravy uhol = 1500 /1600 (6000 /6400 )

o1 — BL8l 9o
0([ ]—1—0g9
L8]

_all _ Bl
X [rad] = PR rad X [rad] 00" rad
gy = 2 e gy = *lradl 50

B[¥1 =510 B [¥] = 271mg-200

15° 30° 45° 60° 75° 90° 105° 120° 135° 150° 165° 180°
L T n T 5 T 7 21 3 5 11w i
12 6 4 3 12 2 12 3 4 6 12
195° 210° 225° 240° 255° 270° 285° 300° 315° 330° 345° 360°
13m 7 5t 4n 17m 3 197 5t 7T 11n 23m o
12 6 4 3 12 2 12 3 4 6 12

tgx=

sin?x+cos>x =1

__ sinx

cosx

S€C X =

Ccosx

sec’x —tg>x=1

sin x.cosec x = 1

Sinus

Di=R
xE(O;

T

Y

3T
—: 271

~ )m.T

tgx.cotgx =1

CosXx

cotgx =—

sinx

1
coseC X = ——

cosec? x — cotg® x = 1

COS X

sinx

secx=1

fry=sinx

Hy=

ce

L1
3i3)ml

17



Transcendentné funkcie

18

X € ((4k21)n; (4k;—1)n) m.1 X € ((4k-2+1)7r; (4](;-3)71') m.|
N.B. Xk(k.m; 0) XY(0; 0)
v bode xk = % + 2k mé lokdlne maximum v bode xk = 3?71 + 2k.m mé lokdlne minimum
periodicka: p = 2mn neparna funkcia: sin (—x) =—sin x
Kosinus f:y=cosx
D/=R Hy=(-1;1)
x €(0;m) m.| X € (m; 2m) m.]
X € 2km; 2k + 1).m) m.] X € ((2k—1).m; 2k.m) m.7
NB. Xi(5+k.7;0) Y(0: 1)
v bode xx = 2k.m ma lokdlne maximum v bode xx=(2k+ 1).t ma lokdlne minimum
periodicka: p =2n parna funkcia: cos (—x) = cos x
Tangens fry=tgx
DfZ]R\{g+k.T[} Hy=R

(-5 2)ms
X € ((2k;1)n’; (Zk-;-l)n) mT

N.B. Xk(k.m; 0) XY(0; 0)

EXT. neméa

periodicka: p =m neparna funkcia: tg (—x) = —tg x
Kotangens f:y=cotgx

D =R\ {k.n} Hr=R

X € (0; ) m.]

X € (km; (k+ m) m.]

NB. Xi(5 + k.m;0) EXT. nemé

periodickd: p =m neparna funkcia: cotg (—x) = —cotg x
Arkus sinus f:y=arcsinx

— (1 —(_I.I

Dy=(1;1) Hy < 2,2>

X €(-1;1) m.p N.B. XY(0; 0)

v bode x; =—1 ma minimum v bode x2 =1 ma maximum

neparna funkcia: arc sin (—x) = —arc sin x

Arkus kosinus f:y=arccosx

Dy=(-1;1) Hy =(0; m)

T

X € (-1;1) m.| NB. Y(0; E)

v bode x; =-1 ma maximum v bode x2 =1 ma minimum
Arkus tangens fry=arctgx

D/=R Hy=(-2:5)

x €ER m.7 N.B. XY(0; 0)

EXT. neméa neparna funkcia: arc tg (—x) = —arc tg x
Arkus kotangens f:y=arccotg x

D/=R H; = (0; m)



Elementdrne funkcie

x€ER m.|

EXT. neméa
Doplnkové uhly

sin x = cos (g — x)

tg x = cotg (g - x)

sec x = cosec (g - x)

periodické

sin x = sin (x + 2k.m)

tg x =tg (x + k.m)

Dalie vlastnosti

N.B. Y(o; g)

. V1
COS X = sIn (5 - x)
cotg x =tg (g - x)
s
cosec x = sec (5 - x)

cos x = cos (x + 2k.m)
cotg x = cotg (x + k.m)

. s
sin (5 + x)= COS X

sin (T —x) = sin x

sin (1 + x) =—sin x

|3

. 3
S (

+ x)=— COS X

s .
CcosS (5 + x)= —Sin x

cos (T —x) =—cos x

cos (1 + x) =—cos x

B [g

COoS (

+ x)= +sinx

tg (g + x)= —cotg x

tg(m—x)=-tgx

tg(m+x)=tgx

tg (%nix =+ cotg x

cotg (g + x)= —tg x

cotg (m — x) = —cotg x

cotg (m + x) = cotg x

cotg (3771 + x)= +tgx

Hodnoty funkcii vo vybranych uhloch

T 3n
0 — -
2 T 2
sin x 0 1 0 -1
COS X 1 0 -1 0
tg x 0 — 0 —
cotg x - 0 — 0
T T T T 5n
12 6 4 3 12
sin x M 1 E E V2 ++3
) 2 2 2 2
sy | VE+YZ B V2 1 2-13
4 2 2 2 2
3
tg x 2-+3 g 1 V3 ’7+4\/§
cotg x 2+4/3 V3 1 ? 7 —4V3
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Transcendentné funkcie

Druhé mocniny goniometrickych funkcii

sin® x cos® x tg? x cotg? x sec? x cosec? x
- > tg’x 1 sec’x — 1 1
sin” x - l —cos”x > 5
1+tg?x |1+cotgx | sec?x cosec2x
2 . 1 cotg?x 1 cosec’x — 1
cos” x I —sin“x - >
1+tg“x |1+ cotg?x | sec2x cosec?x
> sin?x | 1— cos?x 1 5 1
tg” x : - — secx—1 |———
1 — sin?x cos2x cotg“x cosec?x — 1
» | 1—sin%x cos?x 1 1 5
cotg” x . > - ———— |cosec” x — 1
sin?x 1 — cos?x tgex sec’x — 1
, 1 1 5 1 + cotg?x cosec?x
sec” x . l+tg"x | ————— - _
1 — sin?x cos2x cotg?x cosec?x — 1
5 1 1 1+ tg?x ) sec?x
cosec” x . > l+cotg"x | ——— —
sin2x 1 — cos?x tg2x sec?x — 1

Suctové vzorce

sin (x + y) = sin x.cos y + cos x.sin y sin (x — y) = sin x.c0s y — COS x.sin y
cos (x + ) = cos x.cos y — sin x.sin y cos (x —y) = cos x.cos y + sin x.sin y
tgx +tgy tgx—tgy
—+ = — _ = 2
tg (x y) 1-tgx .tgy tg (x y) 1+tgx.tgy
cotgx.cot -1 cotg x.cot; +1
Cotg (x +y) :g—gy Cotg (_x_y) :i

cotgy+cotgx cotgy—cotgx
sin (x +y + z) = sin x.cos ).€0s z + cOs X.Sin y.cos z + oS Xx.cos y.sin z — sin x.sin y.sin z

cos (x + y +z) = oS x.COS y.CcOs z — Sin x.sin y.cos z — Sin X.cos y.sin z — cOs X.sin y.sin z

Goniometrické funkcie nasobkov uhla

. . 2tgx . 1-tg? x
sin 2x = 2sin x.cos x = ——= cos 2x = cos® x — sin’ x = —=
1+tg2 x 1+tg?x
sin 3x = 3sin x — 4sin’ x cos 3x =4cos® x — 3cos x
sin 4x = 8cos’ x.sin x — 4cos x.sin x cos 4x = 8cos* x — 8cos® x + 1
2tgx 2 cotg?x—1 cotgx—tgx
tg 2x = g2 = cotg 2x = £ =088
1-tg=x cotgx—tgx 2cotgx 2
3tgx—tg3x cotg3 x—3 cotgx
1-3tg2x 3 cotg?x-1
4tgx—4tgdx cotg* x—6 cotg? x+1
tgdx = g g cotg 4x = £ £

1-6tg2 x+tgtx 4 cotg3 x—4 cotgx

Goniometrické funkcie polovi¢ného uhla

. X 1—-cosx X 14+cosx
sin=-=+ cos—=+
2 2 2 2
x 1-—cosx sinx 1—-cosx
2 1+cosx 1+cosx sinx
X 14+cosx sinx 1+cosx
cotg== = ’ = =—
2 1-cosx 1-cosx sinx
Sucet a rozdiel goniometrickych funkeii
. . . X+ xX— . . X+ . X
smx+s1ny=251n7y.c057y smxfsmy=2cosTy.smTy
x+y x-y .oxty . x—
cosx+cosy=2cosT.cosT cosx—cosyZ—ZSmT.smT

cosx+sinx=\/§sin(%+x)Zﬁcos(%—x)



Elementdrne funkcie

COS X —Sin x = 25in(§—x)=x/§cos(§+x)

sin(x+y)
+ = e—
fgxtigy COS X.COSYy
_ sin(x+y)
cotg x +cotgy = Sinxsiny
__ cos(x-y)
tg X+ COtg Y= cosx.siny

_ Sinx-y)
tg X — tgy - COS X.COSYy
_ sin(x-y)
cotgx—cotgy = — T="—
_ cos(x+y)
cotgx —1gy =l

ch’x—sh’x=1

shx
thx=—
chx
er-e—x
shx=
2
ex_e—x
thx=
exye=x
1 2
schx=—=

chx ex+e—~x

arshx = In(x + Vx2 + 1)

arthx=21In (£ 15) =In [+
Hyperbolicky sinus
D/=R
X € Dy m.®
EXT. nema
Hyperbolicky kosinus
Di=R
X € (—0; 0) m.|
N.B. Y(0; 1)
parna funkcia: ch (—x) =ch x
Hyperbolicky tangens
D;=R
x € Dy m.1
EXT. neméa
Hyperbolicky kotangens
Dy=R\ {0}
X € (=003 0) U (0 0) m.|
EXT. nema
Area sinus hyperbolicus
D/=R
X € Dy m.1
EXT. nema
Area cosinus hyperbolicus
Dy =(1; )
x € Dy m.p

N.B. X(1; 0)

thx.cthx=1
chx
cthx=—
shx
er+e~x
chx=
2
er+ex
cthx= pvpmr:
1 2
cschx=—=

shx eXx-e—Xx
arch x = In(x ¥ Vxz — 1)

arcth x = %ln (ix—+1) =ln |[+—
f:y=shx

H/ =R

N.B. XY(0; 0)

neparna funkcia: sh (—x) =—sh x

fiy=chx
Hy = (1; )
X € (0; 0) m.7
v bode xo=0 ma minimum

fiy=thx

Hy=(-1: 1)

N.B. XY(0; 0)

neparna funkcia: th (—x) =—th x
fry=cthx

Hy = (—o0; =1) U (1; 0)

N.B. nema

neparna funkcia: cth (—x) =—cth x
f:y=arshx

Hr=R

N.B. XY(0; 0)

neparna funkcia: arsh (—x) = —arsh x

fry=archx
H/=R

v bode xo=1 ma minimum

x+1
x—1



Transcendentné funkcie

22

Area tangens hyperbolicus

Dy={(-1; 1)
x € Dy m.p
EXT. nema

Area cotangens hyperbolicus
Dy = (—o0; =1) U (1; )
X € (0 ~1) U (15 00) m.|

fry=arthx

H/=R

N.B. XY(0; 0)

neparna funkcia: arth (—x) = —arth x
f:y=arcthx

Hy=R\ {0}

N.B. nema

EXT. nema neparna funkcia: arcth (—x) = —arcth x
Druhé mocniny hyperbolickych funkcii
sh? x ch? x th? x cth? x sch? x csch? x
2 1 _ 2 1
Sh2 B chx— 1 thex 1 — sch*x
1 —th2x | cth?x—1 sch?x csch?x
1 2 1 2
oh? x 1+ sh? x B cth“x 1+ csch*x
1 —th%x | cth2x—1 sch?x csch?x
2 240 1 1
th? x sh™x ch’x —1 — S l-sch®’x | —8M—
1 + sh?x ch?x cth2x 1 + csch?x
2 2 1 1
cth? x 1+sh'x ch”x — ——  |esch®x+1
sh2x ch?2x — 1 th2x 1 — sch2x
1 1 2, _ 2
sch2 x 1 —th?x M — ﬂ
1 + sh2x ch?x cth?x 1 + csch?x
1 1 — th2 2
csch2 x R 1—thx cth’x—1 sch—x —
sh?x ch?x —1 th2x 1 — sch?x

Suctové vzorce
sh(x+y)=shx.chy+chx.shy
ch(x+y)=chx.chy+shxshy

thx+thy

th(x +y)=———

( y) 1+thx.thy
1+cthx.cthy
th(x +y)=————
¢ ( y) cthx+cthy

sh(x—y)=shx.chy—chxshy
ch(x—y)=chx.chy—shxshy

thx—thy
th(x—y)=——
( y) 1-thx.thy

1—-cthx.cthy
th (x —y) = ————
¢ ( y) cthx—cthy

Hyperbolické funkcie dvojnasobného uhla

sh 2x=2sh x.chy

ch2x=sh?x +ch®x

2thx 1+cth? x
th 2x = cth 2x =
1+th2 x 2cthx
Hyperbolické funkcie poloviéného uhla
x chx—-1 x chx+1
sh-=4% ch==
2 2 2 2
X shx chx-1 X shx chx+1
h — T — h — =
t 2 chx+1 shx ct 2 chx-1 shx

Sucet a rozdiel hyperbolickych funkcii

shx+shy=25h%.ch? shxfshy=2ch¥.sh%

chx+chy=2ch%.ch? chxfchyZZSh%.sh%
_ sh(x+y) _ sh(x-y)
thx_i_thy_chx.chy thx_thy chx.chy



Elementdrne funkcie

Dalsie funkcie

Signum
-1 ,akx<0
sigx=490 ,akx=0
1 ,akx>0

(Dolnd) Cela cast’
[x] ==max {n € Z| n < x}

[x] =xmod 1

Horna cela ¢ast’

[x] == min {n € Z| n > x}

Desatinna ¢ast’

{x} =x—[x]
Funkcia beta

_Irearw

Funkcia gama

) =(—DIx-1)

nln*~

I'(x) == lim

n—ooo x(x+1)(x+2)...(x+n-1)

Algebrické krivky

Semikubicka (Neilova) parabola

Agnesiova krivka
Descartesov list
Dioklesova cisoida
Strofoida

Nikomedova konchoida
Pascalova $pirala
Kardioida (srdcovka)
Cassigniove krivky
Lemniskata

Obyc¢ajny cyklois
Ampersand

Astroida

Masla

de Sluze musle
Démonicka krivka

Srdce

Maltsky kriz

Stvorlistok (quadrifolium)

(Rectellipse)

Skarabeus
Strmen

fry=sigx
fry=1Ml
fry=1Ix]
fry={x}

1
f:B(x,y) = f t*"L.(1—t)Y"1dt (Euler)

0

o)

f:T(x) :=f t*" L e tdt (Euler)

0
pre x€N I'(x)=(x—1)!

ax’-y*=0

x>+ad®)y-a*=0

x> +y>—3axy =0

X+ (x—a)y*=0

(x+a)x*+(x—-a)y*=0

(x—a)l.(x*+y?)-b*x*=0

xX2+y*—axy - P.(x*+y?)=0

x>+ y?).(x* +y? - 2ax) — a*x*=0

xX2+y)? 2.2 -y)-(a*-cH=0

X2 +y)? 2.2 -y)=0
x+y/y.(2a-y)

a.cos ———==a-y
(Y —x).x-1D2x-3)-4x*+y*-2x)=0
Va2 + 3y =Vaz=0
x*+yP—x2y=0
x> —y?—ax*=0
22 -b) -y (yP—a>) =0
X+y* 1P -x2y =0
Xy -xy —-x>-y?*=0
x> +y?)P —4a’x2y* =0
2 xZ yZ xZ yZ _
S Zpr (;+ﬁ)+ 1=0
(< +y).(C +y? —ax)’ - b.(x* -y) =0
Y -Dy-2+5-*-1=0

a>0
a>0
a>0
a>0
a>0
a;b>0
a, >0
a>0
a,c>0
a>0

a>0
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Transformacie funkcii

Trojlistok (trifolium) X2+ y)?—a(x*-3xy?) =0
Transformacie funkcii
gy=afdx+b)+c a;b;e;deRANa; d+£0
gry=a.f(x) kolma osova afinita na os x s koeficientom a
g:y=f(x+b) postivanie v smere x-ovej 0si 0 —b
gry=fx)+c postivanie v smere y-ovej 08i 0 ¢
g4: vy = f(d.x) kolma osova afinita na os y s koeficientom %
Geometria

Zhodné zobrazenia (izometria)
VA, B: Z(A)=A' A Z(B)=B' = |AB| = |A'B

1. VA:J(A)=A samodruzny bod
Stredova sumernost_(centralna symetria) §

1. 3!1S:85)=S samodruzny bod

2. VA: S(A)=A'= S € AA’

3. VA: S(A)= A’ = |AS| = |SA/]

4, VA:A£ES=>A£A’

VA, B: S(A)= A’ A S(B) = B’ = AB || A'B'
VA: S(S(A) =A involicia

Alo:VAEo= O(A)=A kazdy bod osi je samodruznym bodom
VA: (A)=A'"=AA' Lo

VA: (A)=A"= |Ao|=|A"0|

VA:AZ€o=>A#A'

M w b RE

VA,B: 0(A)=A’'AO0B)=B'=ABNAB €o
VA: O(O(A))=A involucia

1. VA, B: 7(A) = A’ A 7(B) = B' = AA’ || BB’
2. VA, B: (A) = A’ A I(B) = B' = |AA'| = [BB/|
VA, B: 7(A) = A’ A 7(B) = B' = AB || A'B’

w

1. 31S:RS)=S samodruzny bod

2. VA, B: R(A)=A'"A RB)=B'=|«xASA’| = |<BSB/|

3. VA: RA)=A"= |AS|=|A'S|

4. VA, B: RA)=A'" A R(B)=B’'= |[XASB| = |¥A'SB/|

Zhodnost’ trojuholnikov AABC = AA'B'C’

1. AB=AB'ABC=B'C'ACA=CA’ 5-5-§

2. AB=AB'ABC=BC AB=p S-u-s

3. AB=AB' Aa=d AB=f u-s-u
4. AB=A'B'ABC=B'C'Aa=a'A|ABI<|BC| S-s-u
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Geometria

> w e

Hwbn e

M Lo PR

> w e

Podobné zobrazenia
VA, B: L(A)=A'A L(B) =B’ = |A|.|AB|=]A'B/| A — koeficient podobnosti
Rovnolahlost (homotetia) #
3!'S: #(S)=S samodruzny bod
VA: HA)=A' = S € AA’
VA: H(A)= A’ = |\|AS| = [SA/]
VA: H{A) = A, ak A>0= A’ €AS,
A<0=>A'¢AS
VA, B: #{A)=A’ A H{B) =B’ = AB || A'B’

Podobnost’ trojuholnikov AABC ~ AA'B'C’
IAJAB| = |A'B'| A [M.[BC| = [B'C’| A \J.|CA| = |C'A| §-5-8
IAl.JAB| = |A'B| A [M.]BC| = |B'C’| A B =’ S-U-S
a=a AB=p Ay=y u-u-u

IALJAB| = [A'B'| A |AJBC] = B'C'| Aa =o' A |AB|<|BC|  S-s-u

Osovd afinita A
Jlo:VAEO=> A(A)=A kazdy bod osi je samdruznym bodom
VA, B: A(A)=A’ A A(B) =B’ = AA’ | BB
VA: A(A)=A’'= |A.|JAo| = |A0|
VA: A(A) = A, ak 2>0=AANo=0
A<0=AAN o= {M}

VA, B: 4(A)=A'A_AB)=B'=>ABNAB' €0

Inverzia I

O pol inverzie

A k(O,r): VAEk=> I(A)=A kazdy bod kruZznice je samodruznym bodom

VA: [(A)=A'= O € AA’
VA: I(A)= A’ = |OA[|OA'| = 12
VA: (A)=A'= A’ € 04

Vp:Oé&p=Ip)=INO€E] obrazom priamky neobsahujicej pél je pdlom prechadzajica
kruznica
Vp:O€Ep=Ip)=p priamka prechadzajica polom je samodruznym utvarom
Zlaty rez
dan4 je usecka velkosti a
. . . a x
treba ju rozdelit’ na Casti x a a — x, aby po
pomer zlatého rezu ¢ =Aau= ﬁ
z toho vznikne rovnica Au® —Aau—1=0
rieSenim dostaneme Aau = SaLP 1,618

Trojuholniky

b+c>aa+p+y=180°



Trojuholniky

26

dlzka vysky Ve =b.siny = c.sin
dizka faznice L= V2(b2+c2)-a? _ Vb2+c2+2bccosa
“ 2 2
a B
- . [bc((b+c)2—a2) 2bccos  2ac cos
dlZka osi uhla 0g = = 2= 2
¢ b+c b+c b+c
os uhla deli stranu a=m+n=>m:n=c:b
, . . . abc s a
polomer opisanej kruznice r=—= - =
4 cos— cos— cos; 2sina

polomer vpisanej kruznice =% ’(S a)(s D)) _ tg tg g

p= 4rsm—sm sm——(s—c)tg—

polomer pripisanej kruznice ’S(s sb)f: 9 _ tg =4r. sm .COS E .COS Z

sinusova veta

sina  sin [s’ smy

kosinusova veta a*=b*+ c* —2bc.cos a
+
. a+b tgaz—ﬁ
tangensova veta — ==
a-b
v (s b)(s c)
vzorce polovi¢nych uhlov sm
g _|s(s—a)
2 bc
(x (s b)(s—c)
2 s(s a)
Mollweid o’y
ollweidove vzorce — ==
Cc Cosa+ﬁ Sin%
a—b sin%ﬁ sma;ﬁ
c sina;rﬁ "~ cost
vzorec kosinus c=a.cos B+ b.cosa
vzorec tangens tgy= csine _ _csinf
g g b—c.cosa a-c.cosf
Obsah trojuholnika
o=a+tb+c
a+b+c o
S = =
2 2
_avg __absiny _p.at+b+c) _po _ __abc _
S > > > = PS= - \/s(s a)(s—b)(s—rc)

2 sina.sinf

S = 2r?.sin a.sin B.sin y = ¢2.
2.siny

Szrg.az:\g—g.vz W3 = 3+/3.p? V=t=o=73a
r=24 p= L
3 6
Pravouhly trojuholnik
Pytagorova veta a+b*=c
Euklidove vety a*=cca a=.c.cg

b*=ccr b=.c.cp

vi=cacr V=./cq.Cp



Geometria

a?t c?sin2 .
g=22__atef ﬁ=r2.51n2[3
2 2 2 4

. a b a
sma=;; cosaZE; tga=;; cotg o=

b

a

p= a+b+c

Pytagorejské trojice

a=2dst b=d(s*—t?) c=d(s*+1t) d;s;teENAs>t
a 3 5 7 8 9 |11 | 12 | 13 | 16 | 20 | 28 | 33 | 36 | 39 | 48 | 65
b 4 12 |24 | 15|40 60 35 | 84 63 |21 45 |56 |77 | 8 | 55| 72
c 5 |13 25|17 |41 61 |37 8 |65 29 53 |65 8 |8 | 73|97

Stvoruholniky
VSeobecny Stvoruholnik
a+p+y+d=360°
o=a+b+c+d s=2=ne
:a+b+c+d:2 e:a_-l-yvﬂ

2 2 2 2

N

Bretschneiderova-formula

aty=p+0
Ptolemaiova veta

Brahmaguptova veta

S=,/(s—a)(s—b)(s —c)(s —d) — abcd.cos? 8

actbd=cf
S =\/(s —a)(s—b)(s—c)(s—4d)

Deltoid
g=¥
2
Lichobeznik
S = atc v=pv= a+c
2 ’ 4(a—c)

IR, a+b
stredna priecka: p = —

rovnoramenny lichobeznik

Rovnobeznik

2@+ b=+
0=2(a+b)

Kosostvorec

\/(a+b—c+d)(a—b—c+d)(a+b—c—d)(—a+b+c+d)

. d2—-b2+(a—c)? 2
Vyska:V:\/d2 — (—Z(a—c) )

S =(a—b.cos a)b.sin o= (¢ + b.cos a)b.sin a

. ef.sin
S=ava=a.bsino= %

. a
f=2a.sin >

. ef
S=av=d’sina= -

_e?%sing

27



Pravidelny mnohouholnik

Stvorec

e?

o=4a S=a*==
2

Pravidelni mnohouholnik

v Y n.(n-3
pocet uhloprie¢ok = %
, 360°
stredovy uhol -
, , n-2 ° °
vnutorny uhol = 180°=180° -
. w W eq
strana a=2Jr%2—p?2=2rsin—=2p.tg—=
P 2 p-tg 2 2.cos%
, . .- a? a W e
olomer vpisanej kruznice = |[r2——=—5=rcos—=
p p ) p 4 2t % 2 4sin2
, . . - a? a p e
olomer opisanej kruznice r= 24 —= = =
p p ] p 4 2sin2  cos2 2sinw

. .- I w LW .
najkratSia uhlopriecka e1 = 2a.cos 5= 4p.sin 5= 2r.sin ®
1

sinw

1 w w 1 . 1
S = Zn.az.cotg P n.pz.tg > En.rz.sm o= gn.e%

Kruznica a kruh

o =2nr S =’
dizka kruznicového oblika 1= jgorom
dizka tetivy h=2vV2vr —v? =2r.sin %

vyska kruhového odseku v=r— [rz -2 r(l — cos 9) =22
\j 4 2) 2°°4

, 2 . 1
kruhovy odsek S=" (2% —sinw) =2(Ir ~ h(- - v))
I _mr?
kruhovy vysek S= 200°®
medzikruZie S=n(rf—12)
2_ .2
vysek z medzikruzia g = :2)
360
Elipsa
) n 2
N S Z 1—[2m—1 e
=na 0=2ma | =T
n=0 \ lm=1

0= 4= 3 (a + b) —Vab| =x[3(a + b) -~ J(a + b)(a + 3)]

a+b

Objemy
a ak zobereme 'ubovol'nt rovinu rovnobeznt s tou rovinou, a pritom vzniknuté rovinné rezy jedného a druhého
telesa maji rovnaké obsahy, potom aj objemy tych telies sa rovnaju.

Hranoly
S =2S,+ Spi V=S,v
Kvader
S =2(ab + ac + bc) V =abc
ui =VaZ T 57 uo —VZ T
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Geometria

wo - VIE T 2
Kocka

S = 6a’

us =V2a

S =28, + Spi
Rota¢ny valec

S =2 + 2mrv = 2mr(r + V)

S:Sp+Sp1

Pyramida

a2+4v?
S=a’+2a /T

Pravidelny Stvorsten

S =+/34?
V= za2 = ﬁaz
3 3
Kuzele
S = Sp + Spl

Rotaény kuzel

S=m+mrs=nr(r+s)

s2 =72 +v?
Zrezany ihlan
S=S1+S82+Sp

Gula

S = 4mr”?
Gul'ovy vrchlik

S =2nrv
Gulovy pas

S =2nrv
Gulovy vysek

S =mpr+ 2mwrv =nr(p + 2v)
Elipsoid

= Vaz—c?

a

u=va?+ b2 + c2

V=d
u=+3a
V=S,v
V =ty
_Spv
V= 3
_a?v
V=7
V=£a3
12
_ SV
V= 3
V:nrzv

v=§(s1 +./S1S, +S3)

v
Y (T12 + 1y + 7"22)

V= gnr3
Gul'ovy odsek
S =mp? + 2mrv
V= % (3p% +v?)
Gul'ové vrstva
S =np2 + np? + 2mrv
=—(3pf +3p3 +v?)

2
V=§nrzv
v= 1/b2_62

b
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Pravidelné (Platonske) telesd

V =2nabc S =2nc? + 2nab f L uivi dx
3 V1 — u2x2vy1 — v2x2
S = 47_[[(ab)1'6+(ac3)1'6+(bc)1'6]0'625
Pravidelné (Platénske) telesa
s h v
Stvorsten — tetraéder 4 — trojuholnik 4
kocka — hexaéder 6 — Stvorec 12 8
osemsten — oktaéder 8 — trojuholnik 12 6
dvanast’sten — dodekaéder | 12 — patuholnik 30 20
dvadsat’sten — ikosaéder |20 — trojuholnik 30 12
Eulerova veta:v+s=h+2
Stvorsten
S =+/34? = gcf
Kocka
S = 6a? V=a’
p=1a r="a
Osemsten
S =2V3a? V=24
p= gd r= 7261
Dvanast’sten

~ 3725 + 10v5, v = 15475 3

_ % ’21+11\/_ /21+11\/_ =3 1+4\/§a _ ﬁ:x/ﬁa

Dvadsat’sten

S = 5v/34? V= _1541-2\/§a3

_ J42+18V5 _ V10+2V5

=1 r= a

12 4
Linearna algebra
Vektory
V rovine

dané su A = (xa; ya); B =(xs; yB); C = (Xc; yc)

A=04A=A-0= (xa —0; ya —0)=(xa; ya) polohovy vektor bodu (bod ako zakladné
umiestnenie vektora)

A+B xXp+x + .
S==—-= (%; %) stred tsecky

ak |AP[:|PB|=m : n, potom:



Linedrna algebra

A+mB o , ,
p=2AmE (nxA+mxB ; YaTTR ) rozdelenie usecky na tiseky s danym pomerom

m+n m+n m+n
|AB| = /(x5 — x4)2 + (5 — ya)? velkost Gsecky
T =2 (T yanye i) fazisko AABC
G=AB=B-A= (XB — XA; YB — YA) vektor dany orientovanou useckou
dané st d = (ai; a2); b= (b1; ba)
d+b=(al+bi;a+by) stcet vektorov
A = (Mai; haz) nasobenie vektora skalarom (&islom)
a.b= (&; 5) =a;.b; +axb skalarny st¢in dvoch vektorov
ldl=+/a? +a%=Va.d velkost vektora

d.b ,

cos ¢ = ;I B uhol (odchylka) dvoch vektorov

n
BN 4 A T+ Aaa T oo A T = Eai.fg
i=1

- . . , . —_— —
a je linearnou kombinéciou vektorov xq; xX5; ...; X,

Lix,=0VieNAie(l;n)=>Nh=0 vektory X;;X5; ...; X,, su linearne nezavislé

n
=1

L

n
Z ALi.x;=0ANJieNAi€(l;n)=>A#0  vektory X;; X3; ...; X, su linearne zavislé
i=1
Vlastnosti vel'kosti vektora

|d|>0 a |d|=0=d=0
IAal = 1Al.]al
|& +b | <lal + |I; | trojuholnikova nerovnost’

ldl - |b]| <|a - b|

A= (Xa; yA; za); B = (xB; yB; ZB)

g = A+B (XA+JCB .Yatys . ZA+ZB)
2 2 72 2

stred tsecky

AB| = /(x5 — x4)% + (5 — ya)? + (25 — 24)? velkost Gsecky

d=AB=B-A= (xB—XA; YB—YA; ZB—2zA) vektor dany orientovanou tseCkou

dané su d = (ar; az; a3); b= (b1; bz; b3)

G+b=(ai +bi;as+bya;+bs) sucet vektorov
M = (Aai; az; Aa3) nasobenie vektora skaldrom (Cislom)
a.b= (&; I;) =ar.b; +ar.br + as.bs skalarny sucin

axb= [C_i, b] = (a2.bz — a3.bo; a3.b1 — a1.bz; a1.by — ax.by)
vektorovy sucin

i& X bi =|dl. ibi.sin 0 obsah rovnobeznika

a, a; as

by by b3‘ =ai.bz.c3 + az.bs.c1 +az.bi.co —az.ba.ci —arbs.co —az.bi.cs
lc, ¢, sl

zmieSany suc¢in — objem rovnobeznostena



Priamka

ldl=+/a? + a% + a2 ="a.d

-

Ccos ¢ = %a.b%
|al.|p|

DalSie vlastnosti
d+b=b+ad
A+tp).d=rd+pd
k.(ild)j (). a
d.b=b.a
dxb=-bxd
dx (bx&)=h.(d.¢) -2 (d.b)
|d@; b; | = |b; & @| = |&; a; b| =—|a; & b

Priamka
V rovine

Bo(xo; yo) € p
B(x;y)€ep;B(r; ) €p
7o =0B,; 7= 0B

X =(a;0); Y=(0;b)

a € (0; 2m)

p=10p|

Sp(s1382): S, lp
ny(ni;m): N, Lp

e+
ni

kp=tgo=2=-1

np
Vektorova rovnica
Vs§eobecna rovnica

Smernicova rovnica

Parametricka rovnica

Usekova rovnica
Normalny tvar

Rovnica v polarnej siradnicovej ststave

Vzdialenost’ bodu od priamky

Uhol dvoch priamok

rovnobezné priamky

kolmé priamky

Bo(xo; yo; z0) €E p

32

velkost’ vektora

uhol (odchylka) dvoch vektorov

(@G+b)+¢=d+(b+3)
A(@+Db)=A\d+\b
i.(b+d)=d

dany bod By priamky p

vSeobecny bod B priamky p

polohové vektory bodov Bo a B

osové body priamky p

smerovy uhol priamky kolmej na p z bodu O (alebo z pélu)
vzdialenost’ priamky p od bodu O (alebo od po6lu)

smerovy vektor priamky p

normalovy vektor priamky p

smerovy uhol priamky p

smernica priamky p

piny. (F— 75) =0

png.x+n,,y+c=20 ceR
Cc = _nl.Xo - nz.yO
Py — Yo =kp.(x —Xo)
p:y =k, x+b beR
b =Vo — kp'XO
p:iX =Xy +5Sq.t teR
Yy =Yg +5s;,.t
XY
Py + , 1
p:x.cosatysina—p=0
e___ D
p-t cos(¢ - a)
|A;p| _ Inqy.xq+ny.ya+cl
n?+n2
_ S _ men
OSOTISIsA eldmg]

ellf=5; I SfAT, I M/AS, L7y
elf=5, Ls/An, LA, I 7/

dany bod By priamky p



Linedrna algebra

B(x;y;z)€p

7o = 0Bg; 7 = OB

Sp(s1;82;83): 5, I p
Vektorova rovnica

Parametricka rovnica

Vzdialenost’ bodu od priamky

Rovina
é=(er; e e); f = (fi; P B5)  p
Bo(xo; yo; 20) € p
Bx;y;z)€p
7o =0B,; 7= OB
X = (a; 0; 0); Y = (0; b; 0); Z = (0; 0; c)
ﬁ(m; n2; n3): n—p) 1lp
Vektorova rovnica

Parametricka rovnica

Vseobecna rovnica

Usekova rovnica

Vzdialenost’ bodu od roviny

Uhol dvoch rovin

vSeobecny bod B priamky p
polohové vektory bodov Bop a B
smerovy vektor priamky p

piT =T tts,

P X=Xy +Sl.t

Yy =Yo+S;,.t
7 = ZO + S3.t
A pl =22

2 2 2
S1+s5+53

dva linearne nezavislé vektory roviny p
dany bod By roviny p
vSeobecny bod B roviny p

zakladné umiestnenia vektorov bodov Bp a B

osové body roviny p

normalovy vektor roviny p

pin,. (F—15)=0

p:Xx=Xy+e.t+f.u
y=yot+ext+fu
z=12y+tes.t+f3.u

p:n1.(X —Xo) + n2.(y —yo) + n3.(z—2z0) =0

pn.Xx+n,.y+nz3.z+d=0
d = —ny.Xy — Ny.yo — N3.Zg
X VA

p:;+%+;:1

_Inixa+ny yatns.za+d|

A; pl
,n§+n§+n§
cos ¢ = Imengl
Il [7g]

Krivky druhého radu

Kruznica

k: (S(u; v); 7)
Stredova rovnica

Vseobecna rovnica

k(x—ul+(y-vP=r

k:Ax*+By*+Cx+Dy+E=0

A;B;C;D;EERANA=BAC*+D*—44E>0

i (X+3)2 + (y+2)2 _ 2D —ear
2A 2A 4A

k:x=r.cos@; y=rsin@

t: (xo — u).(x —u) + (yo —v).(y —v) = r*

&: (S(u; v); a; b)
Kanonicky tvar stredovej rovnice
A(u—a;v) Cu;v+b)

(—_c ] 2). _ [Cc2+D2-4AE _ VC2+D2-4AE
24°2a) " 442 24
¢ € (0; 2m)
T(xo; yo)
2=a%_ b2
Cx-w)? | (y-v)?
6’, T + b_z = 1 AB || X
Fi(u—e;v)

teR
teR

t;ueR

deR

33



Krivky druhého radu

B(u +a;v) D(u;v—-0>b)

(xo—w).(x—u)

- . n (yo—v).(y-v)_ 1

a? b2

Kanonicky tvar stredovej rovnice
AGu; v—a) Clu—b;v)
B(u; v+ a) Du+b;v)
¢ (yo—v).(y-v) n (xo—w).(x—u)_ 1

a? b2

Vseobecna rovnica

A;B; C;D;EERANAB>0ANA+BABC?+ AD?

D 2
(v+35)
BC2+AD2—-4ABE

4AB2

c 2
(X+ﬁ)
* BC24+AD2-4ABE
4A2B

=1

+

& x=acos@; y=bsing@

S (S(u; v), a; b)

Kanonicky tvar stredovej rovnice
A(u—a;v) Cu;v+b)
B(u+a;v) D(u;v->b)

arb.x—u)t+a(y-v)=0
ary = —Z(x—u)+v

o—w).x—uw) _ (yo—w).y—v) _ |
a? b? B

t:

Kanonicky tvar stredovej rovnice
A(u; v—a) Clu—->b;v)
B(u; v+a) Du+b;v)
arra.(x—u)—b.(y-v)=0
ai: y=%(x—u)+v

o). (y-v)  (xo—u).(x—u) _
t: > — =1
a b2

Vseobecna rovnica

A;B; C;D;EERAAB<0ABC*+ AD?* -

2 2
(o), (2)

H. BC2+AD2—-4ABE BCZ+AD2—2ABE 1
4A2B 4AB?
S X = P y=b.tg ¢
Parabola
$: (V(u; v); p)
Vrcholova rovnica
. p
F(u, v 2)

34

Fo(u +e;v)

T(xo0; yo)

C(y-v)? | (x-w)?

Fi(u; v—e)
Fo(u; v+e)

AB |l y

T(xo0; yo)

EAXP+BYy*+Cx+Dy+E=0
—44ABE >0

C2+AD?

B —4ABE BC2+AD2—4ABE
— 0 b T
4A2%B 4AB?

C —D
2A 2B

¢ € (0; 2m)

A=+ b
x-w?  y-v)? _

Ho—— == =1

Fi(u—e;v)

Fao(u +e;v)

a:b(x—u)—a(y—-v)=0

azzyzg(x—u)+v

AB || x

T(xo0; yo)
, y—v)?  (x—w)? _
AL -T2 = 1 ABlly

Fi(u; v—e)

Fa(u; v+ e)
aaxX—-u)+b(y—v)=0
ay= —%(X—u)+v
T(x0; yo)

HAXP+By*+Cx+Dy+E=0
44ABE #0

—-C -D BC2+AD?2—-4ABE BC2+AD2—-4ABE
S{— sa= b=
24° 2B T aa2B " 442

T 31

0E(0;2mMAQF 3 —

@1 (x —u)* ==2p(y - v)
¢y=v$§

olly



Linedrna algebra

t: (Xo —u).(x —u) =£2p[(y —v) + (yo— V)] T(x0; yo)

Vrcholova rovnica

F(uig;v) d:x=u$§

t: (yo—v).(y —v) =£2p[(x —u) + (X0 — u)] T(x0; yo)

Vseobecna rovnica
A B;C,D;EERANAB=0NA+B#0

@: (y = v)? =£2p(x — u) ollx

P AX*+By*+Cx+Dy+E=0

c\_ 4AE—C? -C C2-44E\ _|_D
£ (X+ﬂ) __Z(y+ 4AD ) V(ﬂ‘ 4AD ),p—| 2A| alebo

p\* ¢ 4BE-D2 D2-4BE -D\ | C
o (y-l_ﬁ) __E(X+ 4BC ) V( 4BC ,5),p—|—5
go:x=pt2+u P:x=2pt+u

y=2pt+v y=ptt+v
QOhniskove (fokalne) rovnice
€n = 2 numericka excentricita
2

p= b parameter kuzel'osecky

étz+‘//2:(enét+p)2

suradnicova sustava F(&; y)

0<en<1=>¢;, en=1=>p; l1<en>H
Rovnice v polarnej suradnicovej sustave
Er= ﬁ suradnicova sustava F(r; )
r=—=+" pir=—2

t+1-epn.cos @ 1-cos@

Plochy druhého radu (kvadratické plochy)

an.x>+ azz.y2 + an.z> + 2a12.Xy + 2a23.yz + 2a31.zx + 2a14.X + 2a24.y + 2a34.z + as4 =0

_x2 _y>
é-;, \V—;’ T —

c2
Elipsoid E+ty+i=1 Dvojdielny hyperboloid E+ty—-C=-1
Imaginarny elipsoid E+ty+(=-1 Jednodielny hyperboloid E+ty-C=1
Imaginarny kuZzel E+ty+L=0 KuzZel'ova plocha E+y—-C=0
Elipticky paraboloid E+ty=+z Hyperbolicky paraboloid E&—y=+z
Elipticka valcova plocha Hyperbolické valcova plocha Parabolicka valcova plocha
E+ry=1 E-y=1 y* =2px
Matice
a7 Q12 - Qqp a1 Qi . Qip
A= a?l a:ZZ a?n matica typu m X n a:21 a?z L a?n
(A1 A2 o Qn Am1i Amz - Qmn
b1 b1z bis
B=|byy by, by matica radu 3 je Stvorcova typu 3 X 3
b3y b3z bs3
R=[n 12 .. 1] riadkovéa matica (riadkovy vektor)
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Matice

36

=
S
s=|"
_Sm
0 0 0 O
=lo 0 o d
dy; O 0
D= 0 d22 O ]
| 0 0 dis
(1 0 O
E=|0 1 0
0 0 1
[0 1 O
11 0 O
P=10 0 o0
0 0 1 O
_[Q11 Q12 Qg3
A= a1 Q2 a23]

a1 4p2
a1 Az

A= .
_aml amz

h@y=&mﬂ&p“'

amn

&HZ&mH&L“

Am1  Am2

A+B=B+A
LA =AL
A(LA) = (). A

AanBnXp

Cij= al1b1J+a12b2,j+a13 b31

[d11 Q12 b
a a 11
21 22|

21
[ A31

A.(B.C)=(A.B).C
C(A+B)=C.A+CB

Corp

bz
b22

'a11-b11 + A12.byq
Az1.byq + az;. by
[a31.b11 + a35. by

I

b3
b3

b14-
b24-

Aaqq
Aau

Aaml
b14

a11.by3 + aq3.by3
ay1.by3 + az;.by3
a31.by3 + as;. by

stipcova matica (stipcovy vektor)

nulova matica

diagonalna matica

jednotkova matica

permutacnd matica

a1 A4z
AT = a2 Q2| transponovand matica
a3 dps
inverzna matica
T
All A12 s Aln
A'l _ i A21 AZZ aes AZH
larl : :
Aml Amz Amn
; Rm}) hodnost’ matice A
Aaqn
Aa,,
Amn
bin ay1 +byn aiz+ by ain + bip
bon | _| @21+ b1 azp + by Aon + bay
bmn Am1 + bml Am2 + bmz Amn + bmn

(A+B)+C=A+(B+C)
L+ 1).A=LA+ A
M(A+B)=1A+ 1B

n

.+ Clj,n.bn,j = Z aik- bk}

aq1.b1z + ag3. by,
ay1.byp + az;.byp
a31.byy + azy.byy

k=1

A11-bys + a13. b4
Ap1.b14 + a3;.byy
A31.b1g + a3;.byy

(A+B).C=A.C+B.C
A.B # B.A viinou, ale 3 A.B=B.A



Linedrna algebra

Matice transformacii

V rovine
o .
y =M.[y
Kl 1
S
@h y
00 1
1 ¢ 0
éiv% 14
' 00 1
. 1 0 0
1
M ﬂv¢1 4
0 0 1
10 0
o 2vlo -1 0
‘ 0o o0 1
—1 0 0
?-ﬂvo 1 0
‘ 0 o0 1
01 0
23”1 04
00 1

i -1 0 O
o ih[o-4o]
) 0 0 1
[cos¢g —sing
|sing cos@

_ E 0 O
s alvo v e
vio v 0
'0¢]001
'AO]V
1
0 3

V priestore
X

Y

0 0

A 0

O > O

0
0

LR

N,
Il
=
=N

S O -k O

S = OO
U
<

cos@ —sing

sing@ cos@
0 0
cos @ sin @

CoOOoOROO O R

—sin cos @

mroogroog

oS O - O

cosgp —sing 0
sing@ cos@

B'=M.B

posuvanie d= (dy; dy)

vodorovné skosenie s koeficientom & (v smere x-ovej 0si)

zvislé skosenie s koeficientom y (v smere y-ovej 0si)
osova sumernost’ podla osi x

osova simernost’ podla osi y

osova simernost’ podla priamky y = x

stredova sumernost’ podl'a O

otaCanie okolo O o uhol @

zmena mierky s koeficientmi & a y

ak & =y, potom rovnol'ahlost’ so stredom v O

stlacenie s koeficientom A

B'=M.B

postvanie d= (dy; dy; d2)

otacanie okolo osix o uhol ¢

otaCanie okolo osi y o uhol ¢
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Matice

38

[cosqo —sing 0 O
sing cose 0 O
0 0 1 0
[ 0 0 0 1
[1 0 0 O]
01 0 O
0 0 -1 0
0 0 0 1l
-1 0 0 O]
0 1 0 O
0 0 1 0
[0 0 O 1l
[1 0 0 O]
0 -1 0 O
0 0 1 0
0 0 O 1l
[ 0 0 O
0 v 0 O
0 0 ¢ O
0 0 0 1
Determinant
A1 Q12 11
D=detA=|," ;|- x
az,

a1 Q412 Qg3
az1 QG Q3
31 dzp; dsz

D:

D=detA=A= |Clik| :Z(—l)i(n)alil_ aziz. a313 am'1 = (
TT

aiq iz e A1 k-1

az1 Q22 = Q21

A= 1%-11 Qi-12 - Qj—1k-1
Ai+1,1 Ait12 - QAit1k-1

an1 25%y) an,k—l

AL = (1) Ay

otacanie okolo osi z o uhol @

rovinova sumernost’ podla roviny (x, y)

rovinova simernost’ podla roviny (v, z)

rovinova sumernost’ podla roviny (z, x)

zmena mierky s koeficientmi &, y a {

ak & =y = (, potom rovnol’ahlost’ so stredom v O

=ai1.ax —az1.ai2 determinant druhého radu

=ai1.ax.a3z + an.a23.a31 T a13.a21.a32 — a13.a22.431 — A11.423.432 — A12.421.433

1 2 .. n
i1 Iy . ip
Ark+1 = Qin
A2k+1 - Q2n
Ai-1,k+1 -+ Qi-1n| subdeterminant (minor) k prvku aik
Ait1k+1 - Aitin
Ank+1 Ann

algebraicky doplnok (kofaktor) k prvku aix

n

+ + + +
D=ai. A7 T aix. Ay, + ... +ain. A, = Z Q. Az,

k=1
n
_ + + t + % :
D=au A7, + ax. Az + ...+ ank. Ay = Z Q- Ay, Laplaceova veta o rozvoji determinantu
i=1



Kombinatorika

RieSenie sustavy rovnic — Cramerovo pravidlo

aiq1-Xq + aAq1z.Xp + ai3.X3 A1n-Xn = b1
Ay1.X1 t  Ayp.Xy t+  Ay3.X3 .. QAyp.Xp, = by
Az1.X1 T A3p.Xp t A33.X3 .. A3pn.Xp = b3 Anxn-Xnx1=Bnpx1
Ap1-X1 T Qua.Xy t  Au3.X3 .. Aup-Xn = by
|a11 A1z o Q-1 b1 Qiger alnl
Az Q2 - Qo1 by Ayppr o A D
Dk=| : ; ) ) ) “n ekkor x, :Fk

|an1 Anz - Apg-1 bn Ank+1 - annl
RieSenie sustavy rovnic — pomocou inverznej matice
X,x1=A% 0Byt stipcovi maticu pravej strany vynasobime zl'ava
s inverznou maticou sustavy (ak existuje)

Kombinatorika
n!'=n(n-1).(n-2)...32.1 0'=1
n\" . .

n! =+v2mn. (;) Stirlingova aproximacia
nl=nm-2).n-4).n-6)...2/.1 on=1;1":==1

Variacie
Vo= Vi) =VE=n(n-1).n-2)....(n—k+1)= (n k)'
Viie = Vie(n) = V@ =

Permutacie

V,(n)=P,=P(n) =n!
kyskg;iks _ ! _

Pnl 2 — kl!-k:!_ ..... = ki +ka+ ... tks =n)

Kombindcie

Vk(Tl) n!
Cp = Cr(n) = Ck (n)_ P(k) kl.(n—k)

Cloie = Cho(m) = CED = (n+h=1y

Binomické koeficienty (kombinacné cisla)
(5)=1 (=1
(D=n (o) =Gl
(112) + (kil) - Zﬁ
)+ () + )+t () + () -
(n) + (n+1) + (Tl+2) 4ot (n+k 1) + (n+k) (n+k+1)
G () + (-G + (-G + =+ (- (D) + (- = (4m)
B+ + G -+ ()T + ) = ()

Teoéria pravdepodobnosti

Algebra javov
A;B; CeEQ Q — mnoZina elementarnych nahodnych javov (isty jav)

%) nemozny jav
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Pravdepodobnost

40

AUB
ANB
ANB=0
A=Q\A

n
UAL:Q/\Vi;ék:AiﬂAkZQ
i=1
n;u
AUB=ANB; ANB=AUB
Qeq,0€ea
AMEANAE A AINAE A

n
Al;Az;...;AHEﬂ:UAi €A

=1

Pravdepodobnost’

VAE 2. 0<P(A)<1
VA;B € 4. A=B = P(A)=P(B)

zjednotenie javov

prienik javov (stcasné nastanie)
nezlucitelné (disjunktné) javy
opacny (doplnkovy) jav

uplny systém javov

komutativne; asociativne; distributivne
De Morganove formuly

n n
VA A2 An €A ViZj: AiNA=0 = P(UAi> = ZP(AL-)
i=1

P(@)=0 a P(Q)=1

P(A) =1 - P(A)
P(ANB)
P(AIB) = 55"

P(A[B) = P(A) V P(B|A) = P(B)
P(o) = (p (1 —py~

xR X

DO =at=st= ) (r— D)
i=1

i=1

pravdepodobnost’ opa¢ného javu
podmienena pravdepodobnost’
nezavislé javy

nezavislé pokusy

Statistika

modus — najcastejSia hodnota (ak existuje)
median — prostredna hodnota

rozptyl (variancia, stredna kvadraticka odchylka)

smerodajna odchylka

vyberovy rozptyl

rozptyl pocitany kalkulackou



Postupnosti

Postupnosti

Aritmeticka postupnost

vn € N: d = an+1 — tn
an=ar+(n-1).d

_ a1+an

S_
n 2

an+tan42
2
an=ar+(n-r).d

an+1 =

Geometricka postupnost

vneN:q= —a:;“

n

an=ar.q" !
n
-1
Sn — al. d
q—-1

An+l = 4/ an. an+2

an=ar.q" " "

Fibonacciho postupnost’

Foio = For +HF; Fi=F=1
x>—-x-1=0

-3l - )]

Prok
qrok = 1+

Prok
100

_12’ Prok _ 12
q= 1+1r_(;)0_ \/Qrok
=" [+ B

c=zq
Efektivny_vynos (zlozity drok)
= n =+ _qn_l
c=z.q"+v. 1
_ q-1
Sm = Z.qn.m
c=n.sm=n.zq" a1
Sm . q 'qn—l
__¢ _ng" g-1
P =100z 100 qn-1
S
_ logsm+rzn—z.q
logg

Nekoneény geometricky rad: 0 <|g| <1

rekurentne dana
charakteristicka rovnica

vSeobecny tvar — Binetov vzorec

splatnost’ — pocet mesiacov

kapital na konci splatnosti — ciel'ova suma
mesacna splatka

mesacny vklad

ro¢na urokova sadzba v %

ro¢ny urokovaci faktor

mesacny urokovaci faktor

denny trokovaci faktor

hodnota jednorazového vkladu z po n mesiacoch zurocenia

hodnota vkladu z (zaciatkom mesiaca) zvySeného mesacne o
sumu v (na konci mesiaca) po n mesiacoch zarocenia

mesacna splatka uveru z splateného za n mesiacov
redlne vratend suma za uver z

realny urok tveru v %

dlZka splatenia Giveru s mesac¢nou splatkou sm

Rady

a
g =
1-q
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Sucet nekonecnych radov

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

42

Stucet nekonecniych radov

o

2 3 4 n
ex=1+£+x_+x_+x_+...+x_+...=
1! 2! 3! 4! n!

xl

i
i=0

—1)2 —1)3 —_1)4 —_1\n ,
nx (x—1) = &0 4 G0 G- +___+(_1)n+1%i”.=Z(_l)Hl

2 3 4
i=1

Inx=24 + + + -+

x 2x2 3x3 4x4 nxn
i=1
[0/0) . .
(2041 (_1)1x21+1
(2n+1)! — (2i + 1)!
i=0

_ x2  x*  x® x8 n _ (_1)ix2i
cosx=1—-—+—Tt - + (-1 (2 ),_"'—. @2l
1=0
21+1

B X3 x5 x7 49 x2n+1
th—x+5+a+;+;+"'+(2n+1)!+"' Z l+1)'

(2 T 2 (20)!

1
1+1+1+1+1+...+1+...:z_:e
1! 2! 3! 4! n!

1 1 1 1 1 - (_1)i
1_E+Z_E+Z_...+(_1)nai...zz T =

(-2 | x-1)* | G-D* G- L =Z Sl

i x 7 9
sinx=x—-—=+4+=—-=4+=—--+ (=1)"

[ee]

chx=

[
5
\S]

EUE S S S P ICEEE
1 2+3 4-+5 +( 1) ni

[ee]
1
1+l+l+l+i+“.+i+.“:z_' =2
2 4 8 16

[E

|

|
+

|

|

|

I

I
+
T
[
—/
S

I

Il

1 1 1 1 1 _ _
§+z+§+:5+"'+n.(n+1>+'“—zi(i+1) -1
i=1

8

1 1 _ 1 _
5+“'+m+"" (‘—1)(2i+1)_
1

1 1 1
1.3 + 3.5 + 5.7 +

N =

Sttt b =2
2.4 4

(n— 1)(n+1) Z — 1)0 +1)

35 + + 11.13 + 15.17 Tt e (4n— 1)(4-n+1) + Z (4i — 1)(41 +1)

i=

I
N |-
I
© |3

1 1 1 1

1.2.3 + 234 + 345 + 4.5.6 o DM n(n+1)(n+2) Z (l + 1)(1 +2)

1 1 1 1
2z 23...(1+1) T 34...(142) ta 5..(1+3) T '+n.(n+1) ..... (n+1-1)

B

(x = D)
i



Rady

20.

21.

22.

23.

24.

25.

10.

11.

: 1+2+3+4+,,,+n=zi _ nn+y)

0o
1

1
_Z i((+1)....(i+1—1) @00
1=

1 1 1 1 1
1+2—2+3—2+4—2+5—2+"'+ﬁ+"'= - =

—_
I
|~
+
|~
I
I
+
+
—_
—_
~—
S
+
=
SNlH _
=+
I
s =
|

1 - = - .=
st to ot +(2n+1)2+ ) G s

1 1 1 1 1
1+2—4+3—4+4—4+5—4+"'+F+"'= =

Stucet konecénych radov

n

2
i=1
p+n

p+(p+1)+(p+2)+(p+3)+_,,+(p+n)=Zi - (n+1)(@ptn)

2
i=p

1+3+5+7+...+(2n—1)=2(2i—1) = n?

2+4+6+8+...+2n= ZZiZn(n-irl)
i=1
1.2+2.3+3.4+...+n.(n+1)=Zi(i+1) = ) ?)

i=1
n

12342344345+ .. +n(n+1).(n+2)= Z i+ 1)(i+2) =

i=1
n

12+224+ 32 +42+ . +nP= Z 2= nmen )
i=1

n
1222243242+ 4+ (1)1 =Z(—1)i—1i2 = (-1

n

P+22+3+48+ . +n’= Zi3=—"2(7:’1)2

12+32+52+72+...+(2n—l)2—2(21 = zen 1)

P+3+5+ P+ +(2n- 1)3=Z(21 —1)3= 22— 1)

_ n(n+1)(n+2)(n+3)

4
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Limita funkcie

12.

13.

14.

15.

16.

N
N

© N o g~ w d e

n

4 4+24 434+ 44+ . +nt= Z = M) En+D(En%+3n-1)

i=1
n

1
i + i + i + cee + 1 = Z
1.2 2.3 3.4 n.(n+1) i(i + 1)

30

n

n+1

i=1
X 1
1,01 1 1 _ _n
PERET AT A ooy ey S Z(Zi—l)(2i+1)  2n+1
l;l )
1,01, 1 1 _ _n
ettt (3n—2)(3n+1)_Z(3i —2)(3i+1) 3n+1
nt |
_ i
1-r_2_3_._ni_4_ Z : -1
20 31 4l n! (l+1) n!
i=1

Diferencialny pocet

Limita funkcie
lim f(x) =A; limg(x)=B
X—Xg X—Xg
lim [f(x) + g(x)]=A+B
X—Xg

lim f(x).g(x) =A.B

S (€ NP 4 €))
xh_’rfflo g(x) xh—>x0 g'(x)
Vyznacné limity
li sinx:1
x>0 X
limS—=t=1
x-0 X
Derivacia
f'(x0) = lim FO-fCxo) _ lim. f(xo+h)—f(x0)
x-x9  X~Xo h—0

Vx =xo: 3f'(x); g'(x); cER
F+9)' )= )+g'(x)
(f.9)' ) =f'(x).g(x) + f(x). 9" (%)

FH'o= o

(c)=0
(x™) =nx""!

n r 1
(Va) = s
(e —e*

r=1
(Inx) ==
(sinx)' =cos x
(tgx) =—

cosZx
(arcsinx)’ =

1-x2

ceER

lime. f(x)=cA
X=X

lim L2 -4
x-xo9(x) B

[’Hospitalovo pravidlo

. 1-cosx 1
lim ==
x—0 X2 2

. In(x+1)
lim =1
x—0 X

(c.fx)=cf'(x)
Y _ f1(x).g(x)-f(x).9' (x)
(5) (x) = - g2 (x) -

(feg)'(x)={flg]} = f'lg(x)].g"(x)

(a¥)' =a‘lna
(logax)' = —

xIna
(cosx)' =-sinx

, =
(COtg x)' = sin2 x
1
Y T e e——
(arccos x) —



Diferencidalny pocet

9. (arctgx)' = 1+1x2 (arccotgx)' = — 0

10. (shx)' =chx (chx)' =shx

’ 1 ’ 1
11. (thx)' = v (cthx) =— 7

' 1 ’ 1
12. (arshx)' = — (archx)' = Npm
13. (arthx)' = 1_1x2 (arcthx)' = — 1—1x2
Priebeh funkcie

V. Nech f'(x0) = f"(x0) = ... = f" D(x0) = 0, ale f™(xo) # 0. Funkcia f(x) vtedy ma extrém v bode xo, ak 7 je

parne Cislo. Vtedy ma v bode xo lokalne:
minimum, ak f™(xo) > 0;
maximum, ak f™(xo) <O0.

krivka je konvexnd — dotyénica je pod krivkou (pr. f(x) = x?)
krivka je konk4vna — doty¢nica je nad krivkou (pr. g(x) = -x?)
f"(x) > 0 = konvexna na intervale
f"(x) <0 = konkéavna na intervale

V. f"(x0)=0a f"(x0) # 0; potom funkcia f ma v bode xo inflexny bod.
Taylorova formula

_ fll@, f"@. 2, M@, n FOYE (e
fO=fo+—F G- +—~ -+ +—=(x—-a)" + ey (x—a)

Integrovanie

[ec.flx)dx=c. [ f(x)dx

metdda integrovania per partes

J(fG) + g()dx = [ f(x)dx + [ g(x)dx
J £'(0). g()dx = f(x).g(x) — [ f(x). 9" (x)dx
Jf)dx=[f(g(®).g'(®)dt

b

substitu¢na metdda

Newtonov—Leibnizov vzorec

f F()dx = [FOLL = F(b) - F(a)

ff(x)dx = —faf(x)dx ff(x)dx = ff(x)dx +ff(x)dx
a b a a c

1. fodx=c Jcdx=cx+d
_xn+1 1 _

2. fx”dx—n+1+c f;dx—lnerc

3. [€¥dx=e"+c faxdlei—a+c

flogaxdxzx.logax—iJrc

4, [ Inxdx=xInx—x+c
Ina

5. [ sinxdx =-cosx+c [ cosxdx=sinx+c

[ cotgx dx =In|sinx| + ¢
1
sin? x

[ chxdx=shx+c
[ cthxdx=In|shx|+c

6. | tgxdx=—In|cosx|+c
1 J—
7. fcoszxdx—tngLc |

8. [ shxdx=chx+c
9. [ thxdx=Inchx+c

dx =-cotgx +c¢

1 _ 1 _

10. fcthdx—tth fshzxdx—-ctthrc
g = Larcte®

11. fmdx—aarctgaJrc
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Integrovanie

1

larth£+c
a a

—larcthf +c
a a

e f az-x? dx= 1 a+x x?-a? dx= 1 x—a
—In —|+c —ln|— +c
2a a—x 2a x+a
13. f ﬁdx = arcsing +c
arshg +c archg +c
1 B 1 _
14. | gmdx = | fo=mdx
In(x + Va2 + x%) + ¢ In|x +Vx% —a?|+ ¢
Aplikacie urcitého integralu
b b
Dizka krivky s = f /1 +(f '(x))zdx Vypocet obsahu S= f fi(x) — fL(x)dx
a m a

Objem rotaéného
telesa

V=n.ff2(x)dx

Povrch rotaéného
telesa

b
S = 27c.ff(x). ’1 + (f’(x))zdx
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Pismena gréckej, gotskej a ruskej abecedy

Pismena gréckej, gotskej a ruskej abecedy

A a A« alfa Aa A a a A a A a a
Bp B B  beta B b BVBOH b B6 b o b
Ty I v gama gr € ¢ c B B B & v
A S A O delta A4 a2 Do d I'r T a g
E ¢ S epsilon T ¢ € ¢ e o n D 2

Z ¢ 7 ¢ zéta ¥1r JF f Ee & e je
H n H n éta B g © g g E & & e jo
0 0 U  théta Hh S bH h Kox W oae 3

I1 [ jota 9 1 S i 33 33 z

K x K x kapa L/ 3 jott U u U w i

Ax A N lambda "k K ¢ k Hii Uea ]

Mup M o mi 1 ¥ 1 K x K w k
Nv N v ni M m M m m JqJn A 1

E & = ksi Nn Nn n MM Al w m
0o O o omikron ® o O o o Hnu H n
IIr IT 7  pi P p Py p Oo ¢ e 0
P p P p 16 ® g Q q ¢ Oon Jln p
Yo X o sigma Rr Xr r Pp T r

T T T tau $ s @7 s Cc C e S

Y v T v ypsilon Tt Tt t Tt M m ¢

®e P ¢ fi du Uu u Yy Yy u
Xy X xy  chi Huov Vo vfaw o Do f
Yy Vv U o opsi W w B w w X x L x ch
Qo 0 w omega X x X r X I U w c

0 d delta Hy Yoy y 9y o ¢

c sigma Z =z 33 z Mm Ww 3

o UL w8

b v b o tvrdy znak
Bl 1 bl w 1

b s b e makky znak
CI) I s e

0w 70 e ju

a4 qd w ja
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Integrovanie

Fyzikalne konsStanty

¢ =299 792 458 %
¢o = 8,854 187 817.10‘12%
& N
#o = 1,256 637 061.10° =
G = 6,674 281011 X1
kg

h=6,626 068 96.1034 J.s
h =1,054 571 628.103* J.s

gn = 9,806 65 sﬂz

atm = 101 325 Pa

Na = 6,022 141 5.10% -~
mol

R=8314472 4™
mol

d 3

Vi = 22,413 994 8.102 %
mu = 1,660 538 86.1027 kg
mp = 1,672 621 637.10%" kg
mn = 1,674 927 16.10?7 kg

me = 9,109 382 15.10°3 kg
v - 1836,152 667

Mme
re = 2,817 940 299.10° m
e=1,602176487.10°C

F =96 485,337 716 389 <
mol

N.m?

x = 8,987 551 787.10° =7

k = 1,380 650 388.10'23£

R., = 10 973 731,568 525 %

Predpony sustavy S|
+3 +6 +9
kilo- (k) mega- (M) giga- (G)
milli- (m)  mikro- (u)  nano- (n)

deka- (da) — 10%, hekto- (h) — 10?
deci- (d) — 10, centi- (c) — 107
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tera- (T)
piko- (p)

rychlost’ svetla vo vakuu
permitivita vakua
permeabilita vakua

gravitatna konstanta

Planckova konstanta

redukovana Planckova konstanta (Dirac)
normalne tiazové zrychlenie
normalny tlak vzduchu

Avogadrova konstanta
univerzalna plynova konstanta

molova plynovéa konstanta

hmotnostna jednotka (1 u)
hmotnost’ protonu
hmotnost’ neutronu

hmotnost’ elektronu
pomer hmotnosti proténu a elektronu

polomer elektronu

elementarny naboj (ndboj elektronu)

Faradayova konstanta
Coulombova konStanta

Boltzmannova konStanta

Rydbergova konStanta
+15 +18 +21
peta- (P) exa- (E) zetta- (2)
femto- (f)  atto- (a) zepto- (2)

+24
yotta- (Y)
yocto- (y)
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